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Lie algebraic structure for the AKNS system 

Chen Dengyuant and Zhang Hangweit 
University of Paderbarn, D 4790 Paderborn, Federal Republic of German) 

Received 29 September 1990 

Abstract. A new approach is proposed to construct the master symmetry and to prove its 
Lie aigebraic s~rucurc For the AKNS system. 

1. Introduction 

It is well known that besides isospectral flows K., the nonlinear evolution equation 
possesses non-isospectral flows U, which depend on the space variable explicitly, and 
K .  and U, constitute an infinite-dimensional Lie algebra. There are different 
approaches for deriving the algebraic structure of the evolution equation. In [l-41, by 
using the recursion operator and its certain algebraic property (which Fuchssteiner 
calls hereditary [ 5 ] ) ,  Lie algebraic structures for the Korteweg-de Vries (Kdv) system, 
the Ablowitz-Kaup-Newell-Segur (AKNS) system and the corresponding matrix sys- 
tems were derived. But for the integrable system not possessing the hereditary recursion 
operator [6], the above method is not valid. In order to solve this problem, Cheng Yi 
and Li Yishen have introduced the notion of Lax operators associated with the given 
spectral problem. According to algebraic properties of these Lax operators, they have 
also obtained the algebraic structure of the AKNS system [71. 

In the present paper we propose a new (elementary, straightforward and pure 
algebraic) approach for constructing the algebraic structure of the evolution equation. 
Our basic idea is as follows. We first define implicit expressions of flows K ,  and U, 

by using the reduction form of Lie group structure equation. Then we give Lie bracket 
equalities of flows K ,  and U, with the aid of these expressions. Consequently Lie 
algebraic structure of integrable system can be naturally derived and does not relate 
to the concept of hereditary symmetries. This appoach is a general one. It can be 
applied to quite a few integrable systems like the Kadomtsev-Petviashvilli (KP) system. 
But in this paper, for the sake of simplicity, we will take the AKNS system to illustrate 
our approach. Furthermore one will find our approach simpler than that mentioned 
above. 

This paper is organized as follows. In section 2 we introduce hierarchies K ,  and 
U, and their implicit expression for the AKNS system. In section 3 we give the equalities 
of Lie brackets [ K , ,  K,], [ K , ,  U,] and [U", U,,,]. Finally we derive the Lie algebraic 
structure for the AKNS system in section 4. 
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2. Derivation of the AKNS evolution equation 

In order to develop our approach, first we have to derive the well-known A K N S  evolution 
equations [8] in a quite different way. 
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Consider the Zakharov-Shabat spectral problem 

where + satisfies the time evolution equation 

4, = N+ N = ( "  C -A " )  
and 4, r together with their concerned derivatives vanish rapidly when x +  -m, while 
A, B, C are undetermined functions of t, x, q. From the condition +,x = &,, one gets 
the Lie group structure equation of spectral problem ( I )  immediately 

M, - N,+ M N  - N M  = 0. (3) 

Substituting the matrix expressions of M, N into ( 3 )  and setting 

we find that 

A = - Iti8yF - ?rx+Ao 

U ,  = L( y F )  -2qyF-2y (Ao-  ?X)U 

where A. is an arbitrary function of t, q. and ti is the transposed vector of U, 
is an operator defined as follows: 

L = y ( D  - 2 ~ G 8 )  

Usualiy, (6) is called the reduction form of structure equation (3). If we set 

? r = O  AO=-2"- 'q"  F = F, = A?"-' 
, = I  

then comparing the coefficients of the same powers of q in (61, it  leads to 

4 = L( Yf* 1 
YA*, =fL(yA) 

f, =2"- lu .  

u , =  L"(yu) 

( j  = 1 , 2 ,  . . . , n - 1) 

By induction, we can obtain the isospectral evolution equations 

( n  =o, 1 , 2 , .  . .). 

Setting 
m 

q, = 2m-1 v m  A,=O F = G, = g,q" 
, = I  
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and comparing the coefficients of the same powers of q in (6) .  we obtain another formula 

4 =U%,) (12a) 

%,+I =iL(yg,) ( j= 1,2 , .  . . , m-1) (126) 

1 -  -2m-1 xu. (12c) 

Also we find non-isospectral evolution equations by induction, 

U, = L, (yxu)  ( m = O ,  1,2 , .  ..). (13) 
Usually, the right-hand side of (10) and (13) are denoted by K. and U,, respectively, 

i.e. 

K ,  = L"( y u )  um = L " ( y x u )  (14) 

and one calls them flows of the A K N S  system. From equations (6), (8), (lo),  (11) and 
(13), these flows can be written as 

K ,  = YF, 1 - 2 q YF. + ( 2 ) "YU (150) 

U, = L(yG,)-2qyG,+(2q)"yxu. (156) 
We consider the expression (15) as the implicit form for K, and U,. 

Note that setting 
n 

v8 = A ,  = O  F = F,, = 1 Lq"-' (16) 

and comparing the coefficients of 7 " '  in (6 ) ,  we easily get F. = 0, so K .  = 0 (or U, = 0). 
Thus, F, or G, which satisfy (15a) or (15b) are unique. This show also that K , ,  U, 

are uniquely determined by (15a) and (15b) respectively. 

,=n 

3. Some Lie bracket equalities 

Suppose f (U) is a vector function or operator of the vector U and its derivatives, then 

(17) 

is the Gateaux derivative off  in the direction Y.  If g ( u )  is another vector function or 
operator, it follows easily from the definition 

(18) 

d 
de f ' ( u ) [ ~ l = - f ( ~ +  EP)I.=n 

( f g ) ' [ v l  =f'[ ulg +fs'[ V I .  

Pw m,....mnt:nn rhn 1 :- hmrlnt hPti.,nnn on., +u,n riprfnr Ftinrtinne f D ;c A e f i n d  n~ 
YJ C"II".IIII",,, ,.I* I.* "LyIa...L -,., ... " .--I-. ." ..-..-.. ".,, * .I --.... I- .." 

[f, 81 =f'[d -g". (19) 

In terms of expressions (15) and (19), we can get some Lie bracket equalities of K, 
and U,,,. 

Theorem 1. For K ,  given by (15a) and 

K, = L(yF,,,) -2qyF,, ,+(2~)" 'yu (20) 

B = FL[K,]- p k [ K n ] + 2 y ( F o I & y F ,  - ~,11&F,,)+(2q)"yf?,, - (2q)"yF,  (21) 

[ K . ,  K,I = L Y B - ~ ~ Y B .  (22) 

we have 
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Theorem 2. Let K. and U,,, be given by (15a)  and ( 1 5 6 ) ,  respectively, and 
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w = F~[u,,,]- Gk[K.]+2y(F,l178yGm - G,,,1I78yF,,)+(27)"yGm -(27)"xyFn (23) 
then 

[ K.. U,,, 1 = U YW 1 - 2 VYW + (2 7 1 F, . (24) 

Theorem 3. Let 

U,, = L ( y G . )  -27yC.  +(27)"yxu ( 2 5 )  
U,,, be given by ( 1 5 6 ) ,  and 

L =  C>[um] - G6[un]+ 2y( C.I17SyGm - G,,,l178yCn)+(2~)"y~G, -(27)"'yxGn (26) 
then 

[U", uml= U Y S )  - 2 ~ ~ 5 + ( 2 7 ) " ' ~ C .  - (27)"yG,.  (27) 

Here for simplicity, we only prove theorem 2 while others can be proved similarly. 
Let 2' be a set of matrices of the form (! :), 3 be a set of all vectors ( t ) ,  and 

denote the mapping which maps 2 onto 3 by S, i.e. 

From (3), ( 5 ) ,  (8) and ( l l ) ,  it is easy to see that the implicit form ( 1 5 )  can be written 
in matrix form (omitting subscript): 

A=-Ili8yG-2"-'7"x. 

Hence we can conclude that 

[K.,u,,,I= KXU~I-UXK~I 
=S(&'- M N +  N M + ~ " - ' T ~ ( ~ N - N ~ ) )  

N =  N'[U,,,]-N'[K.]+NN-NN N + O(x -3 -CO). 

Repeating the procedure from (3) to ( 7 )  for this expression (30), and noticing that 

N N -  R N =  y ( B C  - B C ) + 2 S - ' y ( A F - A G )  (310) 

S( yN - N y )  = 2 y F  (316) 
.. .^ I."..* w c  ,,a_Yc 

[K., U,,,]= L ( Y w ) - ~ ~ ~ Y w + ( ~ ~ Y " Y F  ( 3 2 ~ )  

w = F'[u,,,] - G'[ K,] + 2( FA - C A ) .  (326) 

Substituting (296) and (29d) into (32b) we obtain formula (23) immediately. 
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4. Lie algebra of the AKNS system 

Consider the AKNs sequence of flows K. ,  U,,, ( n ,  m = 0, 1,2,. . .) determined uniquely 
by (15)  and also their linear combination. We denote such a set as d, then d is 
obviously a n  infinite-dimensional linear space. Now let us define the Lie product 
between elements of 91 by Lie bracket (19). then space 91 is closed under the Lie 
product. In fact, we have 

[K, ,  K m l  = 0 (33a)  

[ K n ,  ~ m l = n K ~ + , - ,  (336)  

[ ~ ~ , ~ m l = ( ~ - m ) u n + m - l .  (33c)  

Firstly, because F,, and p, are polynomials in q, it is clear from the expression 
(21) that B is a polynomial in q, too. According to formula (22) and the note in the 
last paragraph of section 2 we obtain 8 = 0 immediately, so (33a)  holds. 

Secondly, set 

n = L ( y H ) - 2 q y H + ( 2 q ) m y F "  (34)  

(35) F - V F-"-J 
1 n ~ L ,,,, 

!=I 

where Cl  is a vector function which is independent of q. and f; satisfy recurrence 
formulae ( 9 b )  and ( 9 c ) .  If assuming 

and substituting expansions ( 3 5 )  and (36 )  into (34) and comparing the coefficients of 
the same powers of q. we find 

n= L(yhm+m-i) (37a)  

rhj+, = t L ( y h j )  ( j  = n, n + 1 , .  . . , n + m - 2 )  (376)  

h+, = t L ( ~ h ~ ) + 2 ~ - l y f + ,  ( i =  1 , 2 , .  . . , n - 1 )  (37c)  

y h , = 2 " - ' y f 1 .  ( 3 7 d )  

Using the recurrence formulae (37c)  and ( 3 7 d ) ,  we get by induction 

yh, = n2m-'  yfn. (38)  

Also from other recurrence formulae (376)  and (38) ,  w e  obtain by induction 

yh,+,-, = nL"-'(Yf.)= n K , + m - 2 .  (39) 

Hence 

R =  nK,+,_,  (40)  

i.e. 

nK,+,_,  = L( y H )  - 2 q y H  +(2q)"'yF. .  (41)  

From (41) and (24) we have 

[K , , ,  u , ] - n K , + , _ , = L y ( w - H ) - 2 q ~ ( w  -HI. (42)  
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Because w - H is a polynomial in 1) (see section 2) it follows that o - H = 0, so (336) 
holds. 
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Finally, we are going to prove formula (3312). Let 

Z= L(yE) -2 t ) yE+(27) ) "ye ' , - (27 ) ) "yGm ( n >  m) (43) 

where Z is a vector function independent of 1). 
Since 

m 

G, = 1 g,1)"' g,  = 2"-'xu 
j - 8  

where g,, gj satisfy recurrence formula (12b), we can take 

Now substituting (44a), (446) and (45) into (43) and comparing the coefficients of 
same power of 7, we have 

Z =  U Y e , + , - , )  ( 4 6 ~ )  

ye,+, =%(re,) (466) 

ye,+, = Mw,) + 2 * - ' ~ 2 , + ,  ( 4 6 ~ )  

ye l+ ,  = f L ( w O +  y(2"-'gl+,-2"-'gl+,) 
( 4 6 4  

e ,  = 0. (46f)  

( j =  n, n + 1 , .  . . , n + m -2) 

( i = m ,  m + l , .  . . , n-1)  

( I =  1 , 2 , .  . . , m - 1 )  

It follows from recurrence formulae (46d) and (46f) by induction that 

e, = 0 ( 1 = 1 , 2  ,..., m-1) .  (47) 

Using recurrence formulae (46c) and (47), we find by induction 

ye. = ( n  - m)2"-'ygn. (48) 

Moreover, from recurrence formulae (466) and (48). we obtained by induction 

y e . + , - l = ( n - m ) L m - 1 ( y 2 ~ ) = ( n - m ) u " + , _ , .  (49) 

Hence 

Z = ( n - m ) u n + m - l .  

From (43) and (27), it follows that 

[un, uml - ( n  - m)u,,+m-l = LA5 - E )  - 2 7 ~ ( 5  - .e) (51)  

similarly, we get 5 -  E = O  immediately, so (33c) is correct. 
From formula (33). we find that the linear space .d is an infinite-dimensional Lie 

algebra under the Lie product of (19). From this one can construct T symmetries of 
the AKNS evolution equation [2], and un are said to be master symmetries [9]. 
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